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TRANSCENDENTAL POINTS ON GROUP VARIETIES 
SERGE LANG 
(Receioed 11 August 1962) 
LET V be a variety (algebraic and irreducible), defined over a field K. If P is a point of V 
with afhne co-ordinates (x1, . . . , x3 then we denote by K(P) the field K(x,, . . . , x,,). We say 
that P is rational over K if K(P) = K, algebraic over 1c: if K(P) is algebraic over K, and 
transcendental over K if K(P) is not algebraic over K. 
It is a classical result that if a is algebraic over the rational numbers Q and a # 0, 
then e’ is transcendental. Cartier conjectured that the analogous statement should be true 
for an arbitrary group variety, and the purpose of this paper is to prove this conjecture. 
THEOREM I. Let G be a group variety defined over the jeld of all algebraic numbers K. 
Let g be its Lie algebra at the origin, with its structure of K-vector space. Let a be a non-zero 
element of g which is rational over K, and let exp = expc be the exponential function on G. 
Assume that exp(ta) is not an algebraic function oft. Then exp(a) is transcendental over K. 
Suppose that G is a linear group variety, thereby admitting a global matrix repre- 
sentation over K. A tangent vector at the origin is simply a matrix M, and exp(M) is given 
by the series 
c M-/v!. 
If B is an invertible matrix, then 
exp(B- ‘MB) = B-’ exp(M)B. 
Assume thar B IS rational over K. We observe that exp(M) is r@ional over K if and only if 
exp(B-,‘MB) is rational over 9: Any matrix M rational over K can be conjugated into a 
matrix consisting of blocks 
( 
a 
a N 
0 *-- ) a a 
where a is an algebraic number, i.e. blocks of type al + N where N is nilpotent. Therefore 
exp(aZ + N) is equal to e”Z times a rational matrix, and is transcendental if and only if 
a # 0. Consequently, in the linear case, Theorem 1 is equivalent with the classical result 
concerning the ordinary exponential function. 
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In general, G contains a maximal linear subgroup L such that G/L = A is an abelian 
variety. Let K : G --t A be the canonical projection. Then A is an algebraic mapping. Let 
IL* be theinduced homomorphism on the Lie algebras. If ~,a = 0, then a is contained in the 
Lie algebra of L, and the theorem reduces to the linear case. If ~+a # 0, then it stices to 
prove that 
or: Q exp,(a) = exp, 0 z*(a) 
is transcendental, and our theorem is reduced to the case where G is an abelian variety. 
We note that in that case, the exponential map is always a transcendental function. In the 
case of elliptic curves, for instance, it is given by the p-function. 
In the case of an abelian vaiiety A, we get a global representation by me&s of.theta 
functions (cf. Baily [l]). In other words, there exists a holomorphic homomorphism 
inducing a holornorphic isomorphism of the torus (Cd modulo the period lattice) onto A. 
If (% *** , d z ) are the co-ordinates of cd, then the partial derivatives a/az, are a basis of the 
Lie algebra of invariant derivations on A, over the complex numbers. Making a suitable 
change of co-ordinates in C’, we m’ay assume that this basis is defined over K, i.e. if f is a 
meromorphic.function on A defined over K, then aflaz, is def?ned over K for all i. A tangent 
vector is then represented by co-ordinates 
a= (a 4 1, --a , 
and is rational over K if and only if all ai are elements of K. The exponential function is 
represented by 0, i.e. 
exp(ta) = O(ta). 
Thus Theorem 1 can be formulated as follows. 
THEOREM 2. Let Ad be an abelian variety oj’dimension d, dejked over thejield of algebraic 
numbers K. Let 
@:(?-+A 
be the homomorphism given by the theta jknctigns, inducing an isomorphism of the complex 
torus onto A. Assume that the derivations a/az, (i = 1, . . . , d) are defined over K. If a E cd 
is a complex vector # 0 such that all ai lie in K, then O(a) is transcendental over K. In parti- 
cular, the periods are transcendental. 
We Shall now make several remarks concerning Theorems 1 and 2. 
(i) Given any complex analytic isomorphism Y from the complex torus onto A, the 
map YO-’ is a complex analytic automorphism of A, Since the law of composition OD A 
is assumed to be defined over K, Y’oS1 must be algebraic and detied over K (Chow’s 
theorem), so that Theorem 2 applies to any such map Y instead of 0, provided always that 
the K-rationality of the Lie algebra is preserved by Y. We use 0 because the series expan- 
sion for the theta functions show that they are entire functions of order 2, a growth con- 
dition ,which is used in the proof. In the case of elliptic curves, one usually takes the map 
given by (g, p’), and the result is due to Schneider. Furthermore, using Theorem 1, we 
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also get the analogue of Theorem 2 for a commutative group variety which is a quotient of 
cd. In other words: Let 4 : Cd + A be a complex analytic homomorphism onto a commuta- 
tive group variety A, having a discrete subgroup as kernel, and preserving the K-rationality 
of the Lie algebra. Let a E Cd be a complex vector #0, which is algebraic, and such that the 
curve +(tz) is not an algebraic function oft. Then Cp(a) is transcendental. 
(ii) We shall prove Theorem 2 following the classical method of Gelfond and Schneider 
(cf. Siegel [5], Schneider [3] and [4]), properly formulated. The exponential function 
satisfies a differential equation, and Theorem 3 below contains the heart of the proof, 
using only the differential equation and not the group law. It contains [4] (but not con- 
versely). It is however insufficient to cover also Siegel’s result on the Bessel function [5]. 
In order to get both, one would riced a statement such as the following. 
Let V bc a projective or affinc non-singular variety defined over a number field K. 
Let f: C + V be a holomorphic map, which is not an algebraic function, and such that 
f(0) is a rational point of V over K. Assume thatf’is the integral curve of a (time-dependent) 
algebraic vector field on V, dclined over K, and having no singular point. If a is algebraic 
then j-(m) is transcendental. 
It is probably also ncccssary to assume that f can be represented by quotients of 
holomorphic functions of fnite order, or some other such restriction. 
(iii) Finally, I would also conjccturc that if 
isthe Baily mapping giving the transcendental-algebraic representation of the moduli variety 
over Q [I 1, then &a) is transcendental whenever a is algebraic, provided that the abelian 
variety associated with the moduli &a) has a trivial ring of endomorphisms. In dimension 
1, this would amount to the result of Schneider that j(r) is transcendental whenever T is 
algebraic, and not a quadratic imaginary irrationality. 
Proqf. We assume that exp(a) is rational over K and derive a contradiction. 
In Theorems 1 and 2, all algebraic objects are defined over a finitely generated exten- 
sion of Q, (for instance the algebraic group law on A). Hence without loss of generality 
we may repface K, by a number field K of finite dekree over Q. In particular, exp(a) is 
rational over K, and so is exp(ta) for infinitely many algebraic points t in K, e.g. t = 1,2, . . . . 
All we need is a finite number of such points, say m, with 
In Theorem 2, let 
m > 20[K : Q]. 
0 =(O*, . . . 10,) 
be the projective co-ordinates of our map. We can find a suitable linear combination of 
0 0, *** I 0, with coefficients in K which does not vanish at any of our m points. After a 
projective change of co-ordinates over K, we may assume that it is 0e. We let 
A = ~A i = 1 Iv. , . . . , 
Then each fi is an abelian function, hofomorphic at our m points, and V;, . . . ,fN) are the 
co-ordinates of an affine open subset of A. Since each afi/aZj is holomorphic whenever 
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f 11 e-s, fn are holomorphic, such a partial derivative, which is an abelian function defined 
over K, must lie in the ring Ku;, . . . , fn]. 
We let gi andfi be the induced functions of one variable t, obtained by taking O(ta). 
Then the ring 
KU, 9 a*- ?fNl 
is stable under the derivation D I dldt. 
The exponential map O(ta) cannot be an algebraic function of t. Hence the trans- 
cendence degree of the field 
KM, *a* Jd 
over K is 22. The next theorem will therefore conclude the proof. 
THEOREM 3. Let K be a number field of finite degree over Q. Let K[g,, . . . , gn] be ‘a 
finitely generated ring of meromorphic functions on C, offinite order p (i.e. quotients of entire 
junctions offinite order p). Assume that the field K(g,, . . . , g,,.) has transcendence &gree 12 
over K, and that the differential operator D = dldt maps the ring into itself. Let w,, . . . , w, 
be distinct con&r numbers not lying among the poles of the gi such that 
C?ilwv) E K 
f ori=l ,..., Nandv= l,..., m. Thenms 10~.[K:Q]. 
In the course of the proof, we shall make estimates, and it is convenient o introduce 
some terminology. 
By the size of a set of elements of K we shall mean the maximum of the absolute values 
of all conjugates of these elements. By the size of a polynomial with coefficients in K, we 
shall mean the size of its set of coefficients. A denominator for a set of elements of K will 
be any positive rational integer whose product with every element of the set is an algebraic 
integer. We define in a similar way a denominator for a polynomial with coefficients in K. 
The next lemma gives us local estimates. The proof will be concluded afterwards by 
comparing these with global estimates. 
LEMMA 1. Let K be a number field of finite degree over Q. Let g!, . . . , gN be functions, 
holomorphic on a neighborhood of a point w E C, and assume that D = dldt maps the ring 
K[91, --- , gn] into itself. Assume that g,(w) lies in K.for all i. Then there exists a number C, 
such that, for any polynomial 
g =P(qI 2 **- 3 gN) 
with coeficients in K, of degree s r in each variable g,, and size 6 Cz, we have for all positive 
integers k, 
size (@g(w)) s sk!c,c:+r. 
Furthermore, af C, is also a &nominator for P, we can select C, such that C,C:‘r is a denomi- 
nator for Dig(w). 
Proof. We introduce variables T,, . . . , TN so that P = P(TI, . . . , TN). We can also 
Write 
hePibl, **. ,gN) 
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with some polynomial PI having coefficients in K. We observe that P is dominated by 
C*(l + 7-1 + 1.. + TN) 
which has positive coefficients. We define formally 
. DT = P,(T,, . . . , TN) 
and observe that there exist an integer h and a constant C, independent of g such that each 
Pi is dominated by Cs( 1 + Tl + . . . + TN)“. The k-th derivative @P is dominated by the k-th 
derivative of C,(l + TX + . . . + TN)‘, and a simple inductive argument gives us the desired 
bound for the size of tig(w). The second assertion of the lemma is proved by a trivial 
induction which we leave to the reader. We observe that the lemma could also be 
formulated completely algebraically. 
We return to the proof of Theorem 3. Say that gl, g2 are algebraically independent over 
K, and call themf, g. Let r be a positive integer divisible by 2m. We shall let t tend to 
infinity later. Let 
F = C aijfgj O$i,j<r 
have coefficients aij in K. Let n = r2/2m. We can select the aij not all equal to zero, and 
such that 
DV(W”) = 0 
for 0 6 k < n and v = 1, . . . , m. Indeed, we have to solve a system of mn linear equations 
in r2 = 2mn unknowns. Note that mnl(2mn - mn) = 1. Using Lemma 2 on page 37 of 
Siegel [5] and Lemma 1, we can in fact take the aij to be algebraic integers, whose size is 
bounded by 
for n + co. (The exponent 3 is of course very wasteful.) 
Sinceof, g are algebraically independent over K, our function F is not identically zero. 
We let s be the smallest integer such that all derivatives of F up to order s - 1 vanish at 
allpointsw,, . . . , w,,,, but such that D”Fdoes not vanish at one of the w,, say rv,. Then s 2 n. 
We let 
y = D=F(w,) # 0. 
Then y is an element of K, and’by Lemma 1, it has a denominator which is bounded by 
o(P) for s -P co. Let c be this denominator. The norm of cy from K to Q is then a non- 
zero rational integer. Each conjugate is bounded by O(s91. Consequently, we get 
where 171 is the fixed absolute value of y, which will now be estimated very well by a global 
argument. 
Let 8 be an entire function of order p such that Of and 0g are entire and e(w,)#O. 
Then e2’F is entire. We consider the entire function 
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Then H(w,) differs from qF(w,) by obvious factors, bounded by C;s!. * By the maximum 
modulus principle, its absolute value is bounded by the maximum of H on a large circle of 
radius R. If we take R large, then t - w, has approximately the same absolute value as R, 
and consequently, on the circle .of radius R, H(t) is bounded in absolute value by an ex- 
pression of type 
CY 
ms’ R 
We select R = (n~.#~~. We then get the estimate 
s3C; 
lul 6 - sms12P 
which, combined with inequality (1) gives us the desired bound on m. This concludes the 
proof. 
Instead of d/dt we could also have taken D = Il*d/df with some complex number i,. 
always assuming that the ring of functions is stable under D. This yields the Gelfond- 
Schneider theorem (which is not aspecial case of Theorem 1). Indeed, let a, /I be algebraic, 
a # 0, 1 and jI irrational. Take D = (log a)-’ d/dt and g1 = e’low, g2 = efi”‘“. Since /? 
is irrational, these functions are algebraically independent, and hence eJ“‘@ = aJ’ is trans- 
cendental. Similarly, to prove the transcendence of e” for algebraic a # 0, we take the two 
functions t and e”‘. 
Finally, we could assume that the algebraic differential equation of Theorem 3 depends 
algebraically on time t, or say for simplicity, that. Dgl lies in the ring K(t)[g,, . . . , gN]. The 
values w, must then be assumed istinct from the poles of the rational functions oft occurring 
as coefficients of the differential equation. The proof of Theorem 3 extends trivially to 
any of the above-mentioned generalizations. 
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